The reflection and refraction pattern of elastic waves at a corrugated interface between two triclinic halfspaces is discussed. The incident wave is taken to be the cause of the interface disturbance and the reflected and refracted waves are effects. This leads to the causality requirement that the reflected and refracted waves must propagate away from the interface. Closed form expressions of reflection and transmission coefficients are derived using Rayleigh's method of approximation. The formulae of reflection and transmission coefficients are derived in closed form for the first-order approximation of the corrugation. The analytical expressions of all the three phase velocities of qP, qSV and qSH waves have been derived. The variation of reflection and refraction coefficients with the angle of incidence and also with the corrugation parameter is shown. In this paper we have developed Graphical User Interface (GUI) Software in MATLAB which shows the variation of reflection and refraction coefficients with respect to incident angle and corrugation parameter. This software can be generalized to show the variation of reflection and refraction coefficients. Numerical computations are performed for a scientific model and the results obtained are shown graphically.
Introduction
The propagation of seismic waves through the Earth is being studied theoretically by means of simplified models, which are as close as possible to the actual structure of the Earth. For this purpose wave methods are utilized, which provide the solutions of wave equations with boundary and initial conditions for P and Swaves in an analytical form. They are quite satisfactory for models composed of homogeneous horizontal layers, although in more complicated media a certain difficulty is presented by the determination of all the singular points, i.e., poles and branch points. In case of more complicated types of interfaces, i.e., a general layer or of layers with non-uniform thickness (e.g. unparallel plane interface, occurrence of a zone of transition, a corrugated interface) a solution may only be found by wave methods in the simplest of cases. The presence of a discontinuity in the material properties generally produces a significant influence on systems of waves propagating through the medium. This causes when waves fall upon the surface separating the two media, part of energy is reflected back into the first medium and part is transmitted or refracted into the second medium. A full account of reflection and refraction of elastic waves was given in the monograph by Achenbach (1976) .
Considerable work has been done by the researchers concerning the problems of seismic wave propagation and their reflection and refraction from a plane boundary and has appeared in the open literature. Notable are Musgrave (1960) , Thapliyal (1974) , Keith and Crampin (1977) , Chattopadhyay (2004 Chattopadhyay ( , 2007 , Deresiewiez and Wolf (1964) , Deresiewiez and Mindlin (1957) among several others. Keeping in view the fact that the earthquake generated seismic waves encounter mountain basins, mountain roots and salt and ore bodies in their paths, such irregularities certainly affect the reflection and refraction of elastic waves. Thus the study of reflection and refraction of these elastic waves at various types of interfaces is of great practical importance in seismology. In fact, the boundaries of the earth media can never be flat but are always irregular up to some extent. The roughness or the irregular undulation of the boundary surface plays an important role in the energy distribution of reflected and refracted waves. It is, therefore, necessary to take into account the amplitude of corrugation of the interface, while studying the problems of reflection and refraction of seismic waves through these interfaces. Scattering of elastic waves from a corrugated interface has been studied by many investigators and they adopted different methods for solving such problems. Rayleigh (1878) was the first who attempted to solve the problem of reflection of sound or light wave's incident normally at an irregular boundary surface. In his method, the corrugated boundary surface was expanded by means of Fourier's series, and the unknown coefficients occurring in the equations satisfying the boundary conditions were determined to any order of approximation of corrugation by assuming that the slope and the amplitude of the corrugation are both small in comparison with the wavelength of the corrugation. Later, his method was applied to discuss the problems of reflection and transmission in other fields like electromagnetic, seismology, etc. Several papers have been appeared based on Rayleigh's techniques and other techniques in the problems of scattering of elastic waves from boundary surfaces, e.g. Asano (1960 Asano ( , 1961 Asano ( , 1966 , Abubakar (1962a,b,c) , Levy and Deresiewiez (1967) , Tomar and Saini (1997) , Tomar et al. (2002) , Kumar et al. (2003) , Tomar and Kaur (2003) and Tomar and Singh (2007) .
The effect of the material anisotropy on the reflection and transmission coefficients is of great importance. The study of anisotropic elasticity is important to understand the mechanical behaviour of materials. Anisotropy in these materials results from the presence of crystals of particular symmetry or thin laminates. The presence of mineral orientations, microfracturing or thin layering or combinations of these in material results in a general anisotropy of arbitrary symmetry. It is, usually, impossible to extrapolate from a special case of anisotropy to the general. This demands that in anisotropic wave propagation, the anisotropy considered should be of general type and here comes the motivation of the present problem. Minerals like Vosges sandstone, plagioclase, microcline, rhodonite, turquoise, wollastonite, etc. can be modelled as triclinic material. In this paper, we have attempted a problem of a plane qPwave incident at a corrugated interface between two different triclinic elastic half spaces. Here the anisotropy considered is triclinic. It is assumed that the amplitude and slope of the corrugated interface are small. Due to undulated nature of the interface, there exist irregularly reflected and refracted waves, in addition to regularly reflected and transmitted waves. The Rayleigh's method of approximation is applied to find out the amplitude ratios of the vertical and horizontal components of displacements and hence the reflection and transmission coefficients of various reflected and transmitted waves. Finally, the reflection and transmission coefficients of regularly and irregularly reflected and transmitted waves for first order approximation of the corrugation are obtained in closed form for a special type of interface.
Formulation and basic equations
Consider a homogeneous anisotropic elastic medium of triclinic type having 21 elastic constants. For a plane wave propagating in the x 2 -x 3 -plane, the components of the displacement vector u are
where the symbols t, x 2 and x 3 denote the time, and the respective orthogonal cartesian coordinate axes. The stress-strain relations for triclinic medium are (vide Chattopadhyay, 2004) 
Let p ¼ ð0; p 2 ; p 3 Þ denote the unit propagation vector, c the phase velocity and k the wave number of a plane wave incident on x 2 -x 3 -plane. 
is the phase function of the plane wave. Inserting the representation for u 1 , u 2 and u 3 from Eq. (4) in the equations of motion above, we obtain the Christoffel equation which is a system of three homogeneous equations as
where W ij are the elements of square matrix Wof order 3, as defined below
clinic medium. The phase velocities of these quasi-waves are (cf. Chattopadhyay, 2004) These relations can be used to find the direction of displacement vector d for a given propagation vector p. We consider two triclinic elastic half-spaces, namely H and H 0 with different elastic properties and separated by a corrugated interface given by x 3 ¼ fðx 2 Þ, where f is a periodic function of x 2 ; independent of x 1 and whose mean value is zero. Let x 1 x 2 plane is horizontal and x 3 axis is normal to this plane pointing downward. Let the half-space H be occupying the region fðx 2 Þ 6 x 3 < 1 and the half-space H 0 be occupying the region À1 < x 3 6 fðx 2 Þ. We shall denote the elastic parameters, stresses and displacement components in medium H without prime and those in medium H 0 with primes. We shall take the elastic plane of symmetry of H and H 0 as x 2 x 3 plane. The Fourier series representation of fðx 2 Þ is given by
where f n and f Àn are the coefficients of series expansion of order n, p is the wave number and i ¼ ffiffiffiffiffiffi ffi À1 p . Introducing the constants d; c n and s n such that
We get
If the interface shape is expressed by only one cosine term, i.e., f ¼ d cosðpx 2 Þ, then the wavelength of corrugation will be 2p p , where d is the amplitude of the corrugation of the interface. In this paper we will now discuss the reflection and transmission of plane qP wave incident on the corrugated interface (Fig. 1) .
Suppose a plane qP wave propagating through the medium H becomes incident at the corrugated interface. This incident qP wave will give rise reflected and transmitted qP, qSV and qSH waves at the interface x 3 ¼ fðx 2 Þ. Since the interface is corrugated in nature, therefore the reflected and transmitted waves will be affected by the undulated nature of the interface. Thus, due to corrugation of the interface, there will be irregularly reflected and transmission qP, qSV and qSH waves in addition to regularly reflected and transmitted qP, qSV and qSH waves. The total displacement in H will be the sum of displacements caused due to incident wave and regularly reflected as well as irregularly reflected waves. Thus, the displacements u 1 ; u 2 and u 3 in the medium H, after dropping the common factor e ixt , are given by
½B jn expfÀik 2 ðx 2 Fig. 1 . Geometry of the problem. Since all the incident and reflected (regularly or irregularly) qP, qSV and qSH waves must satisfy the equations of motion in H, we can obtain the following relations among the coefficients as As before all the transmitted (regularly or irregularly) qP, qSV and qSH waves must satisfy the equations of motion in H 0 , we obtain The expressions for U; V; W; X; Z and c 2 with corresponding suffixes are obtained from Eqs. (7) and (8) It should be noted that energy carried along the incident qPwave must be equal to the sum of the energies carried by various regular and irregular reflected and transmitted waves at the interface.
The relation between the angle of incidence and that of the angles of reflected and transmitted waves in the triclinic medium are given by
where c a is apparent velocity. Moreover, various angles of regularly and irregularly waves made with the normal are related through the following Spectrum theorem (Abubakar, 1962a,b,c) sin
Boundary conditions
The displacements and stresses (normal and shear) are continuous at the corrugated interface (vide Asano (1966) ). The mathematical form of these boundary conditions can be expressed as:
where f 0 is the derivative of f with respect to x 2 .
Solution of first order approximation
We assume that the corrugation of the interface is so small such that
Putting Eqs. (10), (14), (17) and (22), into Eqs. (20) and (21) and collecting the term independent of x and f, we obtain after simplifications
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The elements of matrix N represent the amplitude ratios for vertical components of the displacement of regular waves. On solving Eq. (23), we obtain
Using Eqs. (14), (17) and (24), one may obtain the amplitude ratios of horizontal components of the displacement as 
ði ¼ 1; 2; 3Þ; ðj ¼ 4; 5; 6Þ
We note that the amplitude of incident qP wave is given by
Thus the reflection coefficients (R qP -for reflected qP wave, R qSV -for reflected qSV wave, R qSH -for reflected qSH wave) and transmission coefficients (T qPfor refracted qP wave, T qSV -for refracted qSV wave, T qSH -for refracted qSH wave), are given by
These are the reflection and transmission coefficients due to incident qP waves at a plane interface between two triclinic elastic half spaces.
Comparing the coefficients of e Àinpx 2 in Eqs. (20) and (21), we obtain a system of six equations. These equations can be written in matrix form as
where ;
The elements of matrix N 1 represent the amplitude ratios of vertical components of displacement for irregular waves at angles h in ði ¼ 1; 2; . . . ; 6Þ. From Eq. (27), we get the following values of amplitude ratios of vertical components of the irregular waves for the first order approximation of the corrugated interface, as
Using Eqs. (14), (17) and (28), the amplitude ratios of horizontal components of the displacement are given by 
. . . ; 12Þ; 
; ðc ¼ 10; 11; 12Þ; ðd ¼ c À 6Þ:
Similarly on comparing the coefficients of e inpx 2 to both sides of Eqs. (20) and (21), we obtain
The elements of matrix N 2 represent the amplitude ratios of vertical components of displacement for irregular waves at angles h 0 in ði ¼ 1; 2; . . . ; 6Þ, respectively. From Eq. (31), we get the following values of amplitude ratios of vertical components of the irregular waves for the first order approximation of the corrugated interface, as
Using Eqs. (14), (17) and (32), the amplitude ratios of horizontal components of the displacement are given by ;
can be written by replacing first, second, third, fourth, fifth, sixth columns of the determinant in D 0 1 with the elements of column matrix G 1 , respectively. And
In a special case, when the interface is represented by only one cosine term, i.e., x 3 ¼ d cosðpx 2 Þ; d being the amplitude of the corrugation, then f n ¼ f Àn ¼ 0, for n-1 and
, for n ¼ 1. In this case, the reflection and transmission coefficients of irregularly reflected and transmitted waves for first order approximation of the corrugation are given by reflection and transmission coefficients at plane interface between two triclinic elastic half spaces. These coefficients exactly match with those earlier obtained by Chattopadhyay (2004) for the relevant problem.
Numerical results and discussion
In order to calculate the effect of corrugation and the other parameters on the directions of all reflected and transmitted waves and hence the reflection and transmission coefficients, we computed the modulus of theses coefficients for a particular model. For this purpose, we have taken the following values of relevant elastic parameters. The elastic constants for lower triclinic half-space H (Mensch and Rasolofosaon, 1997) are: In Figs. 2-7 we have drawn modulus of reflection and transmission coefficients for regularly and irregularly reflected and transmitted waves with respect to the angle of incidence while, in Figs. 8-12 same has been plotted against corrugation parameter ðpdÞ at h 0 ¼ 27 . We have found a critical angle at h 0 ¼ 53 , beyond which no coefficient is computed numerically. Fig. 2 shows the variation in R qP ; R qSV and R qSH with respect to angle of incidence. It is clear that variation in all of R qP ; R qSV and R qSH starts near zero at normal incidence and then increases monotonically with increase in angle of incidence till h 0 ¼ 20 , where they attain global maxima. Thereafter the value of R qP ; R qSV and R qSH decreases monotonically and approaches zero nearh 0 ¼ 35 . 3 shows the variation in T qP ; T qSV and T qSH against angle of incidence. Coefficient T qP starts with certain small value near normal incidence, after that it increases and attains a local maxima at h 0 ¼ 17
. From here onwards it shows a regular decreasing trend making its value near to zero at h 0 ¼ 35 , thereafter its value increases rapidly with h 0 . Behaviour of T qSV and T qSH are similar to T qP till h 0 ¼ 47 after which T qSV and T qSH decreases monotonically with h 0 . Figs. 4 and 5 show the variation in modulus of reflection and transmission coefficients, respectively, for irregular qP, qSV and qSH waves at angle h in ði ¼ 1; 2 ði ¼ 1; 2; . . . ; 6Þ. In Fig. 6 variations are similar to as in Fig. 4 . We observe In Fig. 7 , that at normal incidence all the transmission coefficients are at local minima and their nature is approximately same. These coefficients increase rapidly in the range 11 6 h 0 6 18 and then decreases till 28 , thereafter they all are increasing in nature with some fluctuations. Behaviour of T It is interesting to note that at h 0 ¼ 35 the value of transmission and reflection coefficients of all the regularly and irregularly (reflected and transmitted) waves are almost same. Fig. 8 indicates that reflection and transmission coefficients of regularly reflected and transmitted waves are constant with respect to corrugation parameter due to the fact that these are the reflection and transmission coefficients at plane interface.
Figs. 9-12 show that reflection and transmission coefficients for irregularly reflected and transmitted qP, qSV and qSH waves increases linearly and monotonically with different slopes, with respect to corrugation parameter. Fig. 13 is the Graphical User Interface (GUI) for the reflection and transmission coefficients for fixed value of corrugation and frequency parameter, which can be generalized for all value of frequency and corrugation parameter in order to find the reflection and transmission coefficients of Quasi waves.
Conclusion
Using Rayleigh's method of approximation, we have made a mathematical treatment for reflection and transmission phenomena of qP-wave incident obliquely at a corrugated interface between two distinct triclinic half spaces. The reflection and transmission coefficients of regularly (and irregularly) reflected (and transmitted) waves for first order approximation of the corrugation are expressed in compact forms. These coefficients are computed numerically for a specific model and the effect of corrugation of the interface and incident angle of the incident wave, are studied. The variation of reflection and refraction coefficients with the angle of incidence and also with the corrugation parameter is shown. It is observed that type of anisotropy significantly affect the reflection and transmission coefficient as the nature of these coefficient are different from those at corrugated interface between distinct monoclinic half spaces (Tomar and Singh, 2007) . A GUI software has been developed to find the reflection and transmission coefficients. Using the theoretical and numerical results we conclude that (i) The reflection and transmission coefficients of irregularly reflected and transmitted waves are found to be proportional to the amplitude of the corrugation of the interface.
(ii) The reflection and transmission coefficients of all reflected and transmitted waves are found to be significantly depending upon angle of incidence of incident qP wave, elastic properties of the media, corrugation of the interface and frequency of the incident wave. (iii) Modulus of reflection and transmission coefficients of regularly reflected and transmitted waves are independent of corrugation parameter. (iv) Modulus of reflection and transmission coefficients of all irregularly reflected and transmitted waves are increasing with respect to corrugation parameter linearly but with different rates. (v) All the coefficients of irregularly reflected and transmitted waves coincide at certain angle of incidence. 
